Kinetic electron closuresfor electromagnetic ssimulation

of drift and shear-Alfvén waves (1)

Bruce |. Cohen, Andris M. Dimits, and William M. Nevins
University of CaliforniaLawrence Livermore National Laboratory,

Livermore, California 94550

Y ang Chen and Scott Parker
Department of Physics, University of Colorado at Boulder

Boulder, CO 80309

Abstract

The electromagnetic hybrid scheme of Chen and Parker (fluid electrons and gyrokinetic
ions) [Y. Chen and S. Parker, Phys. Plasmas 8, 441 (2001)] is extended to include akinetic
electron closure valid for p,> mJm, (B, istheratio of the plasma electron pressure to the
magnetic field energy density). The new schemes incorporate partialy linearized (8f) drift-
Kinetic electrons whose pressure and number density moments are used to close the fluid
momentum equation for the electron fluid (Ohm's law) using the departure of the perturbed 6f
kinetic pressure from the isothermal perturbed pressure response. Comparisons are made
between the results of the hybrid schemes with kinetic electron closure and a conventional 6f
algorithm for drift-kinetic electrons and gyrokinetic ions in atwo-dimensiona slab model. The

test cases used are small-amplitude kinetic shear-Alfvén waves with electron Landau damping,



the ion-temperature-gradient instability, and the collisionless drift instability (universal mode) in
an unsheared slab as a function of the plasma .. The hybrid schemes have the desirable
properties that they do not require that the mesh size perpendicular to the applied magnetic field
be smaller than the collisionless skin depth c/w,, and naturally accommodate zonal flow physics
(radial modes) with non-adiabatic electron effects. The most successful of the new algorithms

introduced gives very good results for $,> m/m,.

PACS numbers: 52.65.-y, 52.65.Tt, 52.35.Qz



[.INTRODUCTION

Nonadiabatic electron effects significantly modify the stability and concomitant turbulent
transport of drift-waves in tokamaks. Incorporating el ectron kinetic and electromagnetic effects
into gyrokinetic* particle-in-cell drift-wave turbulence simulations is computationally
challenging: electrons and el ectromagnetics introduce additional time and space scales that alter
numerical stability, increase temporal and spatial resolution requirements and, hence, increase
the computational burden. Here we extend the electromagnetic hybrid scheme of Chen and

Parker? (fluid electrons and gyrokinetic ions) to include a kinetic electron closure valid for

Bem /Mme3 1 where Bg =4nngTe/ B2, T, is the electron temperature, and B is the magnetic field
strength. We introduce a new closure scheme that makes particle simulation of electromagnetic
drift-wave turbulence with drift-kinetic electrons and gyrokinetic ions tractable with realistic
mass ratios and realistic 3.

The new family of algorithms incorporates partially linearized®* 8f drift-kinetic electrons
whose pressure and number density moments are used to close the fluid momentum equation for
the electron fluid (Ohm'slaw). Comparisons are made between the results of the hybrid schemes
with kinetic electron closure and a conventional 6f algorithm for drift-kinetic electrons and
gyrokinetic ionsin atwo-dimensional slab model. The test cases used are small-amplitude
kinetic shear-Alfven waves with electron Landau damping, the ion-temperature-gradient
instability, and the collisionless drift instability (universal mode) in an unsheared slab as a
function of .. The hybrid schemes have the desirable properties that they do not require that the
mesh size perpendicular to the applied magnetic field be smaller than the collisionless skin depth

c/w,, and naturally accommodate zonal flow physics (radial modes®) with non-adiabatic electron



effects. Two of the three new hybrid schemes use a variation of the split-weight scheme

introduced by Manuilsky and Lee.® In this case the electron distribution function f. is given by
fo = fin %, V) + OnE? / ng) fiy (%, V) + M (X, V), (1)

wheref,, isa Maxwellian velocity distribution function including possible equilibrium
temperature and density gradients, n, is the equilibrium electron density, dn.? is the lowest-order
fluid approximation to the total electron density perturbation (more explicitly defined in Sec. 11),
and h, is the non-adiabatic part of the electron density perturbation determined using a variant of
the 6f method. Use of the split-weight algorithm is found to be efficacious in that statistical noise
arising from the particle representation is relegated to the relatively small h,term in Eq.(1). The
most successful of the new algorithms introduced here for the kinetic electron extension of the
hybrid scheme of Chen and Parker gives very good resultsfor $om / mg 3 1 and poor resultsin
the opposite limit.

The work presented here departs from earlier work”®*' in several respects. The research
of Reynders’ and Cummings® did not use split-weight methods nor hybrid techniques, and their
algorithms could not efficiently address plasma conditions for which om / my, >>1. The
research of Cohen and Dimits’ used implicit 8f methods, did not use split-weight methods, and
did not address 3,m / m, >>1 plasma conditions. Chen and Parker have modeled kinetic
electrons in three-dimensional toroidal simulations using parallel canonical momentum and a
variant of the split-weight scheme; however, their smulations were still limited to fom /m, £ 1.
The approach taken here in the most successful new algorithm introduced resembles in some
respects the recent work of Lin and Chen*! who have introduced a new split-weight algorithm
and applied it to the propagation of small-amplitude shear-Alfvén wavesin auniform plasma.

The physics content underlying our new algorithms presented hereis as follows. First we



recognize that the nonadiabatic kinetic components of the low-order velocity moments of the
perturbed electron velocity distribution are small perturbations to the dominantly fluid response
for the low-frequency phenomena of interest (shear-Alfvén and low-frequency drift-type modes).
This allows us to extend the hybrid model introduced by Chen and Parker rigorously with a
perturbative correction that captures the nonadiabatic kinetic increment to the electron response
for use in the moment and field equations. Thisis described in detail in Sec. I1B. In addition to
test cases simulating shear-Alfvén waves in a uniform plasma, the work here addresses the
collisionless drift and ion-temperature gradient instabilities in both linear (single mode) and two-
dimensional nonlinear (many mode) simulations in non-uniform plasmas, and accommodates the
nonlinear generation of zonal flows (radial modes®) not addressed in the work of Lin and Chen.™
The remainder of the paper is organized asfollows. In Section Il we present two
algorithms (conventional &f with drift-kinetic electrons and gyrokinetic ions following
Cummings work” and Hybrid 11, an extension of the Chen and Parker hybrid model? with
massless fluid electrons and gyrokinetic ions in which kinetic electron closures are added) that
are used for electromagnetic drift-wave turbulence ssmulations. Section |11 contains comparisons
of the performance of the algorithmsto the linear analytical theory for the propagation and
damping of small-amplitude shear-Alfvén waves, the frequencies and growth rates for small-
amplitude collisionless drift and ion-temperature gradient (ITG) instabilities, and simulation
results for many mode simulation of the linear growth and nonlinear saturation in two spatial
dimensions of an ITG instability for several different values of .. In Section IV we present
simulation results that address how large atime step can be used in our smulations. In Section

V, we discuss the general accuracy and stability characteristics of the algorithms, and summarize



the results. Two additional hybrid algorithms (Hybrid | and Hybrid I11) whose performance is
not as good as that of Hybrid 11 are described in the Appendix.
[I.ELECTROMAGNETIC ALGORITHMSFOR KINETIC SIMULATION OF DRIFT
AND SHEAR-ALFVEN WAVES

In this section we describe the basic ingredients of a conventional &f algorithm with
drift-kinetic electrons and gyrokinetic ions and a family of algorithms that add kinetic electron
closures to the Chen and Parker hybrid scheme.
A. Conventional &f Algorithm With Canonical Momentum

To establish a benchmark against which we will compare the performance of the new
algorithms that are introduced here, we have used Cummings’ basic algorithm for simulating
drift waves and shear-Alfvén waves. lons are described as &f gyrokinetic particles, and their
trajectories are advanced with a predictor-corrector scheme using atime step At; that is the same
asthat used in the solution of the field equations. Electrons are described as 6f drift-kinetic
particles, and their trajectories are advanced with a predictor-corrector scheme using atime step
At, that is an integer sub-multiple of the ion time step. The use of electron subcycling isa
departure from Cummings’ algorithm. Electron and ion currents and charge densities are
accumulated from the particles at each At; and used in Ampere’ slaw to determine the magnetic
vector potential and in a quasi-neutrality equation to determine the electrostatic potential.

Theions and electrons satisfy the gyrokinetic reduced Vlasov-Maxwell equations®***?

with the following orderings:

and L~y (2
where p; ° v/ Q; istheion Larmor radius defined as the ratio of theion thermal velocity to the

ion cyclotron frequency, Q; =gB/mc, v; = (T; /mi)1 ! , 0, m, and T;, respectively, are theion



charge, mass, and temperature; c is the speed of light, B is the equilibrium magnetic-field
strength, 8B is the perturbed magnetic field, ¢ isthe electrostatic potential, o isthe frequency of
the field perturbation, L is a characteristic perpendicular equilibrium scale length of the system;
and L isthe characteristic parallel wavelength of the perturbation. We use a multi-scae
treatment throughout this work.>** The electric and magnetic fields are given by

E=-Ro - A /atB=By+N" Az= B2+ By +N" Az. 3)

The electron and ion kinetic distribution functions are represented by

fei =Fu +0fei(XV.1)s ofy; =& wP's(%- X (V- ¥;)- (4)
i

The equilibrium distribution functions F,Sl“i are Maxwelliansin the parallel velocity and the
magnetic moment, and the parallel velocity can be replaced by the initial canonical momentum
paralel to the magnetic field as the independent variable. The marker particlesin our
simulations are initialized in velocity space using a Maxwellian distribution. The partially
linearized gyrokinetic ion and drift-kinetic electron Vlasov equations for a plasma with weak

magnetic shear in slab geometry are™*

afi 9t ¢ g el |G v AL
AL - § LR B =Y .zquM KigBay " B ayg'M O
ey golle - g 10 plot =Y prs  ZIE Y oce

YR BaR*iaR b)éfea— V2 PIFV - KegBy - By oM (©)

in terms of the parallel canonical momentum per unit mass p; © v+ qsA, /mgc, where

=2+§/B§,O)/Bo+ N° Azl By, b =2+§/B§,O) /By,



ks° -Nin F,§I :Kn3[1+ns(v2/ Z\é -3/ ;] K, IS the magnitude of the density gradient for

speciess, ng ° dInTg/dInng, py=- (as/ mg)b@ K (¢ +(0s/ M)A,/ ©) °
¢ © 2 WpO(R+p) 0

and analogously for E, etc., R° X- p, p° Va ~ b/ Q;, p isaunit vector in the direction of p
(theintegral in Eq.(7) isan integral around the Larmor orbit with respect to the gyrophase angle),
X isthe particle positon vector, v isthe perpendicular velocity, ofg (Fi, W,V t) isthe
gyroaveraged perturbed distribution function, and u °© V& / 2. The electrons have avanishi ngly

small Larmor radius. The electrostatic potential ¢ is given by the gyrokinetic Poisson equation,

which for a single-ion species (species subscript i and singly charged), is given by
R0 - 9520 = 4nelo - ony), (8a)
D

where
0(%)° == odudpd (X - p), (8b)

T T /T, xZD ° To/ 4unge? isthe square of the electron Debye length, ng, is the unperturbed
electron density, 8y isthe gyroaveraged perturbed ion density, dn, is the perturbed electron
density, and for simplicity we have assumed that the ions are singly charged. The angle averages
indicated in dr and $ are replaced by averages over four points on theion Larmor orbit. The

field interpolations from the grid to the particles and the deposition of distribution function



moments from the particles onto the grid involve spatial weighting functions.* Ampere's law

determines the parallel component of the vector potential:

~

7
-NRA, =2 (g + i) 9)

and the parallel currents are computed to lowest significant order from the distribution functions

expressed in terms of the canonical parallel momentum per unit mass,

jg = odudpy (P - dsA,/ msO)(Fy + fs) . (10)

Here the equilibrium density gradients are in the x direction, and the unperturbed magnetic field

hasits principal component in the z direction with a small component in the y direction. With no
magnetic shear B, is a constant, and with shear Bg/o) = By(X- Xg)/ Lg, where L isthe magnetic

shear length. In the unsheared dab, all quantities are subject to periodic boundary conditions. In
the sheared dlab, the electric and vector potentials satisfy Dirichlet boundary conditionsin x and

are periodic iny.”® The gyrokinetic ion particle equations of motion are given by

d%/dt=V V=V +{Ve g) (11a)

H_.I.

IR
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onE

/ 39 VB \\

\ ) (11b)
where the angle brackets on the right sides of Eq.(11a) and (11b) indicate a four-point average
around the ion Larmor orbit, NI(IO) o p© xN, and w/' aretheion particleweights. The

corresponding drift-kinetic electron particle equations of motion are given by



dX/dt=v v-= Vj+ Ve B (12a)

%) (120)

Because of the partial linearization®* no parallel wave trapping of ions or electronsis allowed,
and v, isaconstant for both species. With A, initialized to asmall value, the initial parallel
canonical momenta per unit mass for both electrons and ions are equal to the parallel velocities
and are trivial constants of the motion (the parallel canonical momenta are not constant in time;
only theinitial conditions are constants of the motion). The electron equations of motion employ
atime step At, that is constrained to be an integer sub-multiple of At;where At © Ng,pAte and
Ny, 1S the subcycling parameter. The predictor-corrector time integration of Egs.(11) and (12),
and the solution of the field equations (3), (8), and (9) require that all quantities be defined at
integer time steps NAt, so that electron charge and parallel current densities need only be
accumulated at the end of the subcycling interval and not at each electron time step (no electron
orbit-averaging®™ is undertaken here).
B. Hybrid Il Algorithm

Here we introduce a kinetic electron extension of the Chen and Parker hybrid agorithm.
Two other extensions of the Chen and Parker hybrid algorithm are described briefly in the
Appendix. In this algorithm we employ the split-weight electron distribution function in Eq.(1).°
Consider the modified electron momentum equation (Ohm'’s law) derived from the parallel
velocity moment of the electron drift-kinetic equation Eq.(6):

engeE X = - NyRe - noeme(@ / at + V- g N )Uje,

(133)
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where N” ° pxK, with the followi ng prescription for the pressure term used in Ref. 2 and

rigorously justified in Ref. 16 for the orderingsin Eq.(2):

o _ 60 L0 g <(0) N —p© L TOF K N
NjFte = NiFie” +Tie” NiPe ™+ noeNpTje = Niffie” + T NjOne - Are’) + noeN|p Ty, (130)

using Eq.(1) to make the substitution 5n{? =8n,- Ak, wheresn,© used in Egs.(1) and (13b)
is the lowest-order fluid component of the total perturbed electron density,

N”('I'”(eeq) +8Tje) =0 16 '|'”(eeq> is the equilibrium temperature (including gradients),

Frl(eO) =l T“Eeeq), n{C isthe equilibrium density (including gradients),'l'”(eo) is a constant and

Anelf = (ﬂ?’vkb isthe split-weight kinetic electron increment to the charge density. We note that

ong = aréo) + Ané< is the total perturbed electron density including kinetic corrections as

determined by Eq.(1). Equation (13b) in concert with Eq.(13a) represents the adiabatic electron
fluid parallel pressure consistent with Ref. 16. Non-adiabatic kinetic corrections in the parallel
pressure in EQ.(13b) derived from the second parallel velocity moment of Eq.(1) are higher order
in (w /k”ve)2 than are the terms in Eq.(13b) coming from the adiabatic response. The
representation of the perturbed electron density as an expansion around the fluid density is

similar to Ref. 11. In our formulation the expansion parameter is |AneK / 6ne(0)| <<1. Withthe

result of Eq.(13a) for N||Fl|e substituted into Eq(13a), Eqg.(13a) is the rigorous anal ogue of

Eqg.(15) in Ref. 11. However, our complete equation set incorporates radial modes

(kj =0,k * 0) naturally, while the formulation in Ref. 11 requires extension.

11



Ohm’slaw, Eq.(13a) using (13b) for the pressure gradient, is used to obtain E;. This

electric field together with A, / at = E + Rig) %@ isused to advance A, in time. With the

updated A,, Ampere’s law determines the parallel electron current:

NoeUje = Ze NZ A, +L)j (14)

where flli isthe gyrokinetic parallel ion current per unit charge. The electron continuity

equation deduced from the velocity-space integral of Eq.(6) provides the prescription for

advancing the total electron density ahead in time:

D% + e (B + 5B ) N4 +Vg g fin, =0 (15)

where ng = ngo) +9ng. Curvature and gradient-B drifts and toroidal effects can be readily
included in these equations.*® The electrostatic potential is obtained from the quasi-neutral
form of Eq.(8) suppressing the first term on the left side of Eq.(8a) and using the updated total
electron and ion charge densities. The evolution of the gyrokinetic ion and the drift-kinetic
electron positions and weights deduced from Eqgs.(12a) and (12b) using a parallel velocity
representation ( py ® v and p” ® qSE *o in the kinetic equations) is computed using a
predictor-corrector time integration, and there is no electron subcycling here (after cancellations

obtained by using Egs.(13) and (15)),

dw] - - OBy
= Eb- K|<—ga—¢- K > (163)
dwf _ . 0B, ond/ng - 2
—dL:KeX\/E +(Ke Kne)V” BX nat o >N6ng )/n0+(V”/Ve)( +VE B’N)Uﬂe
- ~ R 2 ~ 2 - ~
> O 8%+ B Tellz - D)+ Ne + (V)G +7e 5 M, (160)
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where we have used the lowest-order approximation dng » 6né0) in the continuity equation

employed in obtaining the final expression on the right side of (16b), which makes explicit use of
the small parameter |Ané< / 6réo)| in our perturbation expansion and is consistent with the formal

expansion procedure in Ref. 11. The angle brackets in Eq.(16a) indicate the four-point gyro-
average of the field quantities on the right side of the ion weight equation. The parallel electric
field in Eq.(164) is determined by Eq.(8) for the electrostatic field and Eq.(13a) for the
electromagnetic contribution. The last terms on the right side of Eq.(16b) arise from the
electron inertiatermsin Eq.(138), - nggMg(d /9t + Vg~ g N)uje . To accommodate the electron
inertiaterms, we used an explicit uncentered finite difference in time in the predictor step of the
predictor-corrector time integration of Egs.(13-16). With the exception of the electron inertia
terms, the predictor-corrector integration of the entire system is second-order accurate in time.
Retention or omission of the electron inertiaterms had no significant influence on any of the
simulation results obtained. Our attempts so far to include electron subcycling in the hybrid
schemes have led to numerical instability.

This algorithm has severa advantages. By introducing the split-weight decomposition,
particle noise only enters through the non-adiabatic component of f,, which is presumably small
for phenomena with parallel phase vel ocities much smaller than the electron thermal velocity.

Thus, a significant noise reduction is expected.® Although the fluid quantities are subject to the
constraint N"(T"(eeQ) +8Tje) =0, the Hybrid 11 algorithm accommodates finite n, in the
simulations. Furthermore, this algorithm requires only the lowest moment of the non-adiabatic
electrons, viz., AneK ; no parallel electron current or pressure moment must be computed in this

model at this stage.

13



[11. TEST SIMULATIONS

In this section we report the results of test simulations comparing the results of the
conventional &f algorithm and the Hybrid Il algorithm. The test cases considered are kinetic
shear-Alfvén waves (including electron Landau damping), the collisionless-drift instability, and
the ion-temperature-gradient instability. The agorithms have been implemented in atwo-
dimensional slab geometry with either Dirichlet or periodic boundary conditions for simulations
with or without magnetic shear. The test cases reported here have no magnetic shear (see Refs.
7, 8 and 9 for examples of sheared slab simulations).
A. Shear-Alfvén Waves

With afinite-b ordering, b.,m/m_3 1, the electrons are dominantly adiabatic but have
important nonadiabatic kinetic corrections in their response to electric fields. Shear-Alfvén
waves and magnetized sound waves are the two fluid normal modesin a slab geometry with a
uniform plasma, k”<<k and o << Qj << Qg, Where kII is the wavenumber component parallel to
the equilibrium field and W,; are the electron and ion cyclotron frequencies. The linear

dispersion relations for shear-Alfvén waves and sound waves in this system are derived from™®
.+ ﬂi + 0 )(1 (D_2 =0 17
XniT o2 (X||e X|||)( : kllzcz x~i) =0, (17)

where the perpendicular and parallel ion susceptibilities are given by

2 142 - b 2 1062 2 2 2
AN :((D pi /Qi )(1- IOe )/b» ((D pi /Qi )(1 - kr O ) and AIs = -((D pS/ qu\é)ztl(m /\/ék”VS) )
and Z' isthe derivative of the plasma dispersion function. At leading order the electron

susceptibility is given by e =1/ k"Z}\é +.... Solution of this dispersion relation yields shear-

14



Alfvén and magnetized sound wave branches that are well separated if ¢2 /v4 = p <<1, where

= (To/ m)l !“is the sound velocity,

0? = kfVAL+ KapZ + K p?) (184)
=kfcS ML+ KE p3) (18b)

in the fluid limit for Alfvén waves and sound waves, respectively. All of the algorithms

considered here are subject to a Courant condition for stability determined by these normal

modes: (Bglo) / By)max(cg,Va)At £ Ay.

We first consider simulation results obtained using the conventional 6f algorithm. In
these simulations we introduced a modification to Ampere’ s law Eq.(9) to account for the linear
interpolation that occurs in the simulation code between the particles and the grid so that

Ampere' slaw becomes

2

xe . 2 o W
CRZ +s (kx,ky)a—p—s %{g -a—%{po (19)
S

where (p"S} ° 0d3v6f5g| and §° = [sin(k,AX/ 2) M AX T 2) f[si n(kyAy/ 2)/(kyAy/ 2)]4 for linear
interpolation between the grid and the particles’” to match the corresponding grid dependence of
theright side of EQ.(19) in the limit of small-amplitude waves.

In Fig. 1 we present results from conventional df simulations of kinetic shear-Alfvén
waves. Plotted are scans of Re w/<2, and Im /<, vs. Ayw o/C and 3, for kypS: p/8, T=T,,
B,”/B,=0.01, p,=4Ay, a64" 64 grid, either 4, 9, or 16 electrons and ions per two-dimensional

cell, only the (0,1) mode (in this figure points marked “0” designate no grid correctionin
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Ampere'slaw; “x” iswith the grid correction; and the dashed lineis theory). In these examples
the Alfvén speed isless than or equal to the electron thermal velocity and large compared to the
ion thermal velocity: vp /ve =1/(BeMm /rne)1 ! ?VA/Vi =1 Bé/ . In consequence, electron
Landau damping is the dominant dissipation mechanism. The agreement with theory is quite
good until Aym pe/C>1 and gets progressively worse as the skin depth becomes smaller than the
grid spacing (or, equivaently, . increases). The error in our measurement of frequencies and
growth ratesin all of the simulation datais afew percent or less. The inclusion of the grid-
correction factor S provides some benefit in improving the agreement of the simulations with
theory. Thefailure of the conventional 6f algorithm to yield correct results when the skin depth
is not resolved by the grid has been documented previously by Cummings.® Our interpretation of

the computational difficulty isthat in order for the solution of Eq.(19) to be accurate, errorsin

the resolution of the u)%e/ c?term and the corresponding cancellations originating from within

the right side of EQ.(19) must be small compared to the - RNZ term on the left side. Inclusion of
the S’ coefficient helps the cancellations to occur with greater precision, but this omits the
particle statistical aspect of the cancellationsin the total electron parallel current response. Thus,

a computational stiffness problem arises and persists when the skin depth is small, which occurs
when the first term on the left side of EQ.(19), of order O(k/% psz) where p,istheion Larmor
radius using the electron temperature, is small compared to the second term, which is of order
O peps /€ = By / m).

In Figure 2 we present a comparison of the results of the Hybrid |1 ssmulations of kinetic

shear-Alfvén waves and linear theory. Plotted are scans of Re /2, and Im o/, vs. 8, for kypS:

p/8, p.=2Ay, a32" 32 grid, and other parameters that are the same asin Fig. 1. Hybrid Il results

16



are denoted with “0” and Hybrid I11 (see Appendix) results with “x”. The dashed curveislinear
theory. The agreement with theory is excellent when om /mg > 1. The hybrid algorithms
become unstable for 3.m / m, <1, these algorithms cannot recover the electrostatic limit
because of the “backwards’ solution of Eq.(14). In the electrostatic limit, m / me <<1, Eq.(14)
should not have been retained in the system of equations. Thus, it is not surprising that there are
significant difficultiesin the hybrid schemes for §om /mg < 1. Thereis no requirement that the
skin depth be resolved. These results resemble those obtained in the independent work of Lin
and Chen."
B. Callisionless Drift-Wave I nstability

In Fig. 3 we present examples of conventional &f simulation of collisionless drift-wave
instability. Scans of Rew/<2; and growth rate Imw/< vs. 3, are plotted for kypS: p/4, p L =02,
T~T, B,/B=0.01, p=8Ay, 64" 64 grid, Ay £ 0.5¢/w , no magnetic shear, and only the (0,1)
mode retained. The dashed curves indicate linear theory.® Good results are obtained when the
skin depth isresolved. Datafrom a second series of collisionless drift-wave simulations with the
conventional &f algorithm are plotted in Fig. 4. In Fig. 4 the ratio of the grid cell size to the skin
depth increases with 3, and exceeds unity for some of the simulations, which resultsin a
degradation of the accuracy of the results compared to linear theory. In Fig. 4 we plot Rew/Q
and Imw/Q, vs. o Ayjcand B, fork p.=p/4, p /L = 0.2, T=T, B,%/B,=0.01, p;=2Ay, 16" 16
grid, no magnetic shear, and only the (0,1) mode retained. Data points denoted with “0” include
the grid correction introduced in Eq.(19), and points denoted with “x” omit this correction. A
systematic error emerges in the results obtained when Ay £c/o)pe in the conventional &f algorithm.

The Hybrid Il algorithm yielded very good results for simulations of the collisionless

drift-wave instability. InFig. 5we plot Rew/Q2. and growth rates Imw/€2, from Hybrid I and
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conventional &f simulationsvs. 3 . and o Ay/c for the same parameters as those defined in Fig.
4. The standard &f simulation with the grid correction in Ampere’s law gives good results only
for pmy/my £ O) and Ay<c/w,., while the Hybrid Il algorithm gives good results for
pm /me >1 and any skin depth.
C. lon-Temperature-Gradient I nstability

Our conventional df dab simulations of unsheared ion-temperature-gradient instability

(ITG) with s particle-grid interpolation factor correction to the inverse skin-depth termin
Ampere's law demonstrate finite-f3 stabilization and good agreement with linear theory when the
cell sizeis smaller than the skin depth, i.e., Ax<c/w_. Frequency and growth rates for the (0,1)

mode (kyps » xt / €) are plotted in Fig. 6 as afunction of mper/c and B,, where

Be =(w0, DX/C) (p/AX) (m/m)(w /)", there is no magnetic shear, B,*/B;=0.01, T.=T,, n.=n=4,
pJL =0.1, p=4Dx, Q o =1, m/m=1836, and 64" 64 grid. Theory® is shown with a dashed
curve. Datafrom simulations with Ny,=At/At,=4 are denoted by “0” and with Ny,=5 by “x.”
The Hybrid Il algorithm is able to accommodate finitem,. InFig. 7 and Table | we
present results from Hybrid Il simulations of ITG for asingle linear mode with kypS »m/ €,
p=2Ax, 32" 32 grid, n =4 and other physical parameters the same as for the Hybrid | simulation
datain Fig. 6. The Hybrid Il simulations of unsheared ITG agree relatively well for fm /mg > 1,
and there is no constraint on the skin depth, c/w_ relativeto the cell size Ax. Linear theory is

indicated by the dashed curvein Fig. 7. Theresultsin Table | quantify the influence of finite
M. 0N I TG for these specific parameters.

D. Nonlinear Simulations of 1on-Temperature-Gradient Instability

18



Comparisons of simulation results with linear theory are only one kind of test for
determining the reliability of anew simulation algorithm. Because a primary motivation for the
introduction of these algorithms is the study of the nonlinear saturation of drift-type instabilities
and the concomitant transport of energy and particles across the density and pressure gradientsin
the plasma, it is necessary that the simulation agorithms produce sensible nonlinear results.
Earlier simulation work"**>"® has concluded that the slab, multi-scale physics model with kinetic
electrons and ions presented here should lead to saturated states with the radial modes>®° playing
an important role.

In Figs. 8 and 9 we present results of nonlinear simulations of ITG instability performed
with the conventional 6f and Hybrid Il algorithms showing linear growth followed by nonlinear
saturation mediated by the nonlinear generation of radial modes (k,=0, k,* 0). Nonlinear, many-
mode, two-dimensional slab simulation results with no shear, B,*/B;=0.01, T =T, n, =1 =4,
pJL =01, Qe/oopezl, m/m=1836, p =Ax, 16" 16 grid, and Atc/L=0.4 are presented. Super-
gaussian k-space smoothing, exp(-k*a"), was used in the conventional 8f code, and a Heaviside-
function was used in the Hybrid |1 algorithm (modes were suppressed completely for k?a®>1,
with a=1 in both agorithms). When super-gaussian smoothing was used in the Hybrid [1
algorithm, the shortest wavelength modes (ka p; >1) affected by the filter (but not completely
suppressed) were numerically unstable. We believe that this numerical instability isrelated to
the instability observed when g m / m, <1inall of the hybrid algorithms, which is associated
with the backwards solution of Ampere’s law in EQ.(14) that becomesiill-posed in the
electrostatic limit. With adequate filtering, the ITG instability saturates in the simulations; and
the thermal flux across the pressure gradient and the linear growth rates decrease together as a

function of increasing .. The decrease inion thermal flux accompanying the decreasein linear
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growth rates as a function of increasing 3, was observed in earlier particle simulations using
implicit methods and justified on the basis of a quasilinear argument in Ref. 9. Figure 8 shows
the time histories of the fastest growing linear mode and the cross-field ion thermal flux. Figure
9 displays the accompanying mode energy spectrum at saturation showing the dominance of the
radial mode and that an inverse cascade to longer wavel engths has occurred (although the
truncated mode spectrum in these small “toy” simulationsis severely limited). Theion thermal
fluxes (not time-averaged or filtered) exhibit bursts of transport often seen in ITG simulations.
In sum, the Hybrid Il nonlinear simulations of the ITG instability with adequate filtering, particle
statistics, and temporal resolution exhibit well-behaved saturations and credible physics results.
IV.TIME-STEP CONSIDERATIONS

To understand the additional computational burden due to the inclusion of kinetic
electrons, we examine the time-step considerations associated with the three Courant conditions
governing either accuracy or stability that arise from (1) the parallel electron motion

VeAte/ Ax £ O(1), (2) the parallel ion motion v; At/ Ax £ O() , and (3) the parallel shear-Alfven
wave propagation vaAt/Ax <1. Taking into account that Ax = (By/ Bg,o) YAy ° 6" 1Ay inthe
two-dimensional slab, the Alfven stability condition is OvaAt /Ay <1. We note that
Ve/Va=(Bem/ mg)l h andv; /va =(Beli/ Te)1 /" with electron subcycling in the conventional
of simulation (At/ Ate = Ngyp), satisfying the Alfvén Courant condition implies reasonable
values for the electron parallel Courant condition, e.g., for T=T,, Ng,,=5, 6=0.01, and
BvaAt/Ay= 0.5, thenfor B, =0.1%® vg/vp =1.35® OVAte/ Ay =0.135; and

Be =10%® Ve/vp =13.5® OVeAte/ Ay =1.35 With veAte/ Ax £ O(1) our simulations are
well-behaved, and self-heating and numerical diffusion of the electron velocity distribution are

acceptably small.'’
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Some recent papers introducing new particle-in-cell algorithms hope to relax the electron
Courant condition to allow larger time steps.®** The introduction of split weights replaces the
bulk thermal response of the electrons with afluid response, and the non-adiabatic kinetic
contribution to the perturbed distribution function is only significant for v » w /kj <<, for the
drift-wave phenomena of interest here. The hopeisthat the use of split weightswill result in
time step constraints only set by the relatively slow resonant electrons and that the weights of the
fast thermal electronswill remain small and inconsequential. (Of course, the Alfvén Courant
condition must still be satisfied; and the time step must be small enough so that electron self-
heating and numerical orbit diffusion are insignificant.) However, using alarger time step for
the thermal electrons (which are still represented with test particles) can result in those electrons
inadequately sampling the peaks and valleys of the parallel electric field; and in consequence
orbit diffusion will occur leading to stochastic heating of the thermal electrons and a growth of
errors in their weights and contributions to the dielectric response.*”*® Just how restrictive is the
electron Courant condition in our simulations? In Figure 10 we show results for Hybrid |1
simulations of the ITG and collisionless-drift instabilities in which the frequencies and growth
rates of a single small-amplitude mode are plotted as a function of time step in the simulation.
Hybrid Il simulations of ITG retain some sensitivity to electron kinetics: veAt/ Ay £1.5is
needed for accurate simulations of a system with n,=n =4, .=0.035, 32" 32 grid, m/m=1837,
k,ps=p/8, 6=0.01, pJL=0.1, and no magnetic shear; and we note that there is no electron
subcycling. The collisionless drift wave is more sensitive to electron kinetics: veAt/ Ay, £ 0.3 is
needed to accurately simulate a system with 3,=0.0049, 16" 16 grid, m/m=1837, k p.=p/4,

6=0.01, pJ/L,=0.2, and no magnetic shear.
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In practice the convergence of nonlinear simulations of drift-wave instability driven
transport may set the most restrictive condition on time step, and the time step will depend on the
parameters and physical conditions of the particular problem.*® We consider examplesin Fig. 11

of nonlinear, many-mode, two-dimensional slab Hybrid Il simulations as a function of time step.

The simulation parameters were Atc/L,=0.4, 0.2, 0.1; B.=2.2" 10 3’; no magnetic shear; 6=0.01;
T=T;n =m=4; pJ/L =0.1; Q /ow_=1; m/m=1836; p =Dx; 16" 16 grid; and Heaviside-function
I e S n e pe I e S

e

mode filtering with a=1. For these parameters we can relate Atc/L; toveAt/ Ay:
Atey/ Ly = (Ay/ Ly )(me /m; )(BOIB§O) )veAt/ Ayjj» 0.2vAt/ Ayj. If thetime step is not chosen

adequately small to resolve the nonlinear physics, one observes that in the supposedly saturated
state there is a slow, secular, residual growth of the electrostatic and vector potential mode
energies and a concomitant slow growth of the averaged cross-field thermal fluxes. Wefind it
interesting that the accuracy constraints on the linear dispersion for ITG and collisionless drift-
wave simulationsin Fig. 10 set time step conditions veAt/ Ay < 0.5 that translate into
Atc/L.<0.1. Thesetime steps arein keeping with the converged results for the nonlinear
simulations in Fig. 11 and within the range of time steps typically used for the nonlinear toroidal
gyrokinetic simulationsin Ref. 19 which had gyrokinetic ions and adiabatic electrons. The
experience presented here is encouraging for the addition of kinetic electrons and
electromagnetic coupling to toroidal gyrokinetic simulations. However, we note that there are
additional considerations that can influence the time step in toroidal simulations, which are not

addressed here.
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V. DISCUSSION

Achieving the goal of experimentally relevant simulations of turbulent transport in
magnetically confined plasmas with a more complete physics model is very challenging.
Including both electron and ion kinetic effects using a realistic mass ratio and accommodating a
low-frequency electromagnetic model of the self-consistent electromagnetic fields in the plasma
add significant complexity to the simulation models. The algorithms introduced here attempt to
capture the physics of low-frequency (w << Q;) drift-wave phenomena, the coupling to kinetic
Alfvén waves that occurs at finite plasma pressure, and linear and nonlinear electron and ion
kinetic phenomena (e.g., Landau resonance, particle trapping, induced Compton scattering).

For kinetic simulationsto provide credible results there are a number of accuracy issues
that restrict the time steps and grid resol ution used:

Kave BAt<1 knAxn <1 KAX <1 oAt <l Ax £pjs KAt <1 (20)
where v=(T/m)"? is the thermal velocity for each species. Thefirst conditionin (20) is
representative of arestriction on resolving finite-amplitude phenomena. We showed in Sec. |V
that obtaining well-behaved nonlinear saturated states for the example of the ITG instability can
set the most severe constraint that limits the time step in agiven simulation. Thereis aso the

stability constraint set by kjvaAt <1 for vy >c¢5. We have demonstrated that in the conventional

of simulation there is a constraint on resolving the skin depth ¢/ w pe with the grid spacing in
order to accurately reproduce the linear dispersion relation of shear-Alfvén waves and the drift
instabilities. Because p; /(c/w pe) = (T / Te)* 7pm;/ my)t /, the skin depth ¢/ e becomes
smaller than p; ~ powhen g.m /m,>1. Notethat c/w ,e=0.05cm for n=10fem’. Thus,

resolving the skin depth becomes a more severe and onerous constraint than Ax. £ pg for
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BeM /Mg > 1. The hybrid algorithms introduced are not constrained to resolve the skin depth
with the spatial grid, but these algorithms behave well only for g m /m, 3 1. With magnetic

shear (not addressed here), populating the resonant electron layer with particles can become an

additional important accuracy constraint on the simulations:®
Axe © (K| /ky)Ls ~ (0= TkyVe)Lg ~ (me/mi)1 ! fLS /Ly)ps- When there is a discrete resonance

layer, then a Landau fluid or continuum Vlasov code must resolve this layer with its spatial grid
to capture the electron Landau resonance.

The results presented here indicate that significant progressis being made in adding
Kinetic electron and electromagnetic effects to multi-dimensional gyrokinetic ion simulations of
core turbulent transport. Simulations with &f gyrokinetic ions and drift-kinetic electrons using
paralel canonical momentum including coupling of the drift-waves and sound waves to the
kinetic shear-Alfvén waves yielded results in good agreement with linear theory for (1) kinetic
shear-Alfvén waves, (2) the collisionless drift wave instability, and (3) the ion temperature drift
instability (including finite-p stabilization effects on the latter two drift-wave instabilities) if the
cell size was smaller than the skin depth in the unsheared slab cases studied. These results agree
with those obtained in Refs. 8 and 9.

The Hybrid Il algorithm yielded good results for finite ., fom/m. >1, and did not

require that the cell size be smaller than the skin depth c/w, but led to a numerical instability for

per

Bem/me <1. Hybrid Il wasthe best of the hybrid algorithms investigated here on the basis of
its good performance in the test cases. Both the conventional 6f and kinetic-extended hybrid
algorithms have restrictions on the time step used to recover the correct dielectric responses and
to produce converged nonlinear steady states. However, similar non-dimensional time steps are

required in three-dimensional nonlinear toroidal gyrokinetic simulations with adiabatic electrons.
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Thus, nonlinear electromagnetic simulations of drift-wave turbulence and transport with kinetic
electrons using the Hybrid 11 algorithm introduced here appear to be tractable.
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APPENDIX A: HYBRID | AND Il ALGORITHMS
A. Hybrid I Algorithm

In Chen and Parker’ s hybrid algorithm? gyrokinetic ions and a“massless” electron fluid

model following earlier work in Ref. 16 were combined to allow el ectromagnetic simulation of
the ion temperature gradient instability with electromagnetic coupling to the shear-Alfvén wave
and finite-p stabilization. Here we extend the Chen and Parker algorithm to include drift-kinetic

electrons.

Consider the modified electron momentum equation (Ohm'’ s law) in Eq.(13a) with
KR ® Ny(FO +6RK )+ TOR, (50, - onk Al
Fie® Ni\Fie” +3Rie )+ Tie” Ny{One - dne’ ), (A1)

Where'l'”(eo) isaconstant, 6né< and 6Fﬁ§ are the total density and parallel pressure moments of the

Of perturbed electron distribution function, and dn, isthetotal perturbed electron density. The

0

additional term in the parallel gradient of the pressure, ‘I'"Ea)ﬁlu(éne - 6n§), iszero in the limit

that the total perturbed electron density is converged to that accumulated directly from the
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particle electrons. Thisisacomputational artifice very similar to semi-implicit modifications
sometimes introduced to improve convergence or stability. Equations (13a) and (A1) can be
rewritten to provide some insight into the model adopted for the parallel pressure and the kinetic

electron corrections:

TR e = TR PN +(R(REY +0RS) + engel > + ngemy (3 /ot + Ve g M)y}, (A2

e

where the first term on the right isdominant over the remainder of the right side which is small.
Thus, the modified momentum equation Eq.(134) is constructed to ensure that the parallel
gradient of the total perturbed electron density isagood approximation to the parallel gradient
of the fully kinetic perturbed electron density. The Chen and Parker hybrid scheme used afluid

representation of the parallel gradient of the pressure given by
NjRe ° N"P”(g) + '|'"(£)N|pne +ngelNjd T with the constraint introduced in Ref. 16:

N”(‘I'”Efq) +0Te) =0, where ‘I'”(eeq) isthe equilibrium parallel electron temperature including any

gradients and Fﬁ(o) = n(eo) Te(eq> . With the use of this constraint, there is no difference
betweenng = 0 andne * 0in Chen and Parker’s algorithm; and Chen and Parker only considered
systems withng = 0. The Hybrid | kinetic extension of the Chen and Parker algorithm

introduced hereis likewise constrained ton, = 0 and is numerically unstable for finite ..

We next solve Eq.(13) for 9A, /ot = E + Rip) 0@ = ..., whichis used to advance A, in
time. Ampere’slaw Eq.(14) and electron continuity Eq.(15) determine u,.and dn,, respectively.
The electrostatic potential is determined by the solution of Eq.(8) in the quasi-neutral limit. The

gyrokinetic ions and the drift-kinetic el ectrons are advanced with the parallel velocity
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representation and no electron subcycling using Eq.(16a) for the ions and the following equation
for the electrons obtained from the drift-kinetic equation for electrons with split weights:

aw? ey = o a0 B
= TED- ke(B5 - U5, (A3)

wlo

B. Hybrid 111 Algorithm

Here we introduce a third kinetic electron extension of the Chen and Parker hybrid
algorithm. In this algorithm we again employ the split-weight electron distribution function
Eq.(1)° and consider the electron fluid momentum equation Eq.(138). However, we introduce a

revised definition of the gradient of the parallel pressure:
N - {.pO 4+ TO) R G apK
NiFle = NjFle” + Tie” Nipne + NjARje (A4)

Where'l'”(g) is aconstant, Alﬁfé = <‘3d3\/hev”2 is the non-adiabatic kinetic electron parallel

pressure increment for the electrons, and dny, isthe total perturbed electron density. We note that
the parallel pressure used in EQ.(A4) is consistent with the pressure moment of the split-weight
electron distribution function. Asin the other two hybrid algorithms, Equations (13a) and (A4)
along with 9A, / ot = O(E + Nop) 0@ are used to advance A, intime. Ampere'slaw Eq.(14) and
electron continuity Eq.(15) again determine uand dn,. The electrostatic potential is determined
by the solution of Eq.(8) in the quasi-neutral limit. The gyrokinetic ions and the drift-kinetic
electrons are advanced with the parallel velocity representation and no electron subcycling using
Eq.(16a) for the ions and the following equation for the el ectrons obtained from the drift-kinetic
equation for electrons with split weights (after cancellations obtained by using both the fluid

momentum and the continuity equations)
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awf - . S -
= Ke-Kpe) Vg g+ (Ke- Kne- KTE)V”% * Nitje
+(V||/n0eV§)N||AFf|5 +(v/ V%)(a% +Ve g N)ye.  (AD)

Because this algorithm, which is similar to the Hybrid |1 scheme, uses the split-weight
representation, particle noise in the electrons enters only through the non-adiabatic response h, in
the distribution function. However, in contrast to the Hybrid Il agorithm, Hybrid 111 requires
the second parallel velocity moment of h,, which isintrinsically noisier than the number density
moment used in Eq.(13b). The A FﬂeK moment tends to be more problematic for the drift-wave
phenomena of interest at finite plasma pressure because of the small parallel phase velocities
(only for these velocitiesis h, expected to be appreciable) compared to the electron thermal
velocity. Furthermore, like the Hybrid | algorithm, the Hybrid I11 algorithm was numerically

unstable for finite n..

C. Discussion of the Hybrid Algorithms
The Hybrid | and |1 algorithms were introduced which add kinetic electron closures to the
Chen-Parker hybrid electromagnetic scheme.? These algorithms yielded good resultsin all three

test cases for finite 8, fem/me >1, and did not require that the cell size be smaller than the skin

depth ¢/w,, but led to a numerical instability for f.m/m, <1. Dataproduced by all three

pes
hybrid schemes is posted at http://www.mfescience.org/mfedocs in adocument UCRL-JC-
142446. The Hybrid 111 algorithm using a kinetic pressure closure adequately simulated the

kinetic shear-Alfvén wave and the ion-temperature-gradient instability (contrained tong = 0),

but so far has failed to yield acceptable results for the collisionless drift wave.
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Solving for the electron density in the electron momentum fluid equation provides insight

into the behavior of the three hybrid algorithms,

Hybrid I: -|_||(eO)N|P”e: - enge ) - N"(F]’l(g) +6ﬁ|§)- inertia+ T”(g)N”éné(,

- 1O & (0 N N O)ct A~ K
Hybrid I1: T”(e)N|pne: (- engey) - N”P”(e) - NoeN|BTjje) - |nert|a+'l'"(e)N||Ane ;
Hybrid 11:Tig N pne = - engey - Ry(Rle” + ARje) - inertia.
The Hybrid | and |1 algorithms have better |everage because they useé‘mé< and Angwhich are

much better resolved statistically than isA Rfé / vg in Hybrid [11. The resulting response for dny, in
Hybrid | isthe sum of fluid terms (that nearly cancel if the fluid momentum equation is a
reasonabl e approximation to the ensemble of particle electron tragjectories) plus the term coming
from the kinetic electron density collected from the particles. Inthe Hybrid Il algorithmdn is
equal to the sum of the fluid terms constituting the appropriate adiabatic response plus the
inertial and kinetic incremental corrections. Inthe Hybrid 111 algorithm dn, equals the correct

adiabatic response plus both a small increment from the inertia terms and a kinetic increment

coming from A Fné which is more prone to error than using a kinetic charge density moment (a
lower moment of h,). We believe that the difficultiesin the Hybrid | and I11 algorithms with
finite n.derive from a computational incompatibility between the dual fluid and particle
representations of the electrons and from relative errors in computing the pressure moment of the
electron distribution. The Hybrid | and |11 algorithms are constrained by the assumption that

finite-n, effects are negligible and requireng = 0, while Hybrid Il accommodates n * 0.
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TABLE I. ITG frequencies and growth rates normalized to the ion cyclotron frequency for n =0

andn =4, m, =4, Q Jo_=1, m/m=1836, p/L =0.1, B,%/B;=0.01, T =T, and f.=0.0547% and

3.54%.
Be M, theory (Rew/€2, Imw/Q) Hybrid 11 simulation (Rew/<2,, 1mw/<2)
0.0547% 0 (-0.00412, 0.00640) (-0.0039, 0.0061)
0.0547% 4 (-0.00304, 0.00601) (-0.0030, 0.0059)
3.54% O (-0.00313, 0.00285) (-0.0033, 0.0029)
3.54% 4 (-0.00287, 0.00265) (-0.0029, 0.0028)
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Figure Captions

Figure 1. Frequencies and damping rates from conventional &f simulations of kinetic shear-
Alfvén waves as functions of the ratio of the cell size to the skin depth and the electron ..
Figure 2. Frequencies and damping rates from Hybrid |1 and 111 simulations of kinetic shear-
Alfvén waves as functions of the electron f3..

Figure 3. Frequencies and growth rates from conventional 6f simulations of the collisionless
drift-wave instability as functions of the electron ., with the grid cell size smaller than the skin
depth.

Figure 4. Frequencies and growth rates from conventional 6f simulations of the collisionless

drift-wave instability as functions of the ratio of the cell size to the skin depth and the electron f..

Figure 5. Frequencies and growth rates from Hybrid |1 (*) and conventional &f (0) simulations of

the collisionless drift-wave instability as functions of the ratio of the cell size to the skin depth
and the electron ..

Figure 6. Frequencies and growth rates from conventional 6f simulations of the ion-temperature-
gradient instability as functions of the ratio of the cell size to the skin depth and the electron f3..
Figure 7. Frequencies and growth rates from Hybrid Il simulations (with n.=4) of the ion-
temperature-gradient instability as functions of the electron f3..

Figure 8. The spatially averaged ion thermal fluxes in x normalized to the sound speed and the
modulus of the Fourier amplitude of the electric potential for the fastest growing mode from
conventional &f and Hybrid Il nonlinear simulations of the ion-temperature-gradient instability as

functions of time for three ssimulations at different values of 3.
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Figure 9. The modulus of the Fourier amplitude of the electric potential as afunction of k for
k=1 (both normalized to Ak° x/ 8) averaged in time after saturation in three &f and Hybrid 11
nonlinear simulations of the ion-temperature-gradient instability for different values of f3..
Figure 10. Frequencies and growth rates from Hybrid |1 simulations of the ion-temperature-
gradient and collisionless drift-wave instabilities as functions of the relative time step.

Figure 11. The spatially averaged ion thermal fluxesin x normalized to the sound speed and the
modulus of the Fourier amplitude of the electric potential for the fastest growing mode from
conventional Hybrid Il nonlinear simulations of the ion-temperature-gradient instability as
functions of time for three simulations at different values of the relative time step. The observed

linear growth rates are indicated.
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Figure 7
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Figure 8
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Figure 9
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Figure 10
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Figure 11

0.1

Dtc./L;

Dtc/L;=0.2

Dtc,/L,=0.4

=

0628

—

0022
{ 000z
008!
0091
007!
00zl &I
000!
008

009

0ov

00z

Ot X wo\xo Xni4 feuldy] uoj

mmu

O X SO/XO xni4 EEE:._, uoj

=

==

dddddd

<O

-

© o o o
W <t [42] o
3

008¢
oove
o002

9 Ooewt

002t a
008

o0y

0

o

-

X SO/XD XN|4 [eway | uoj

<

00ce

1 0002
10081
1 0091

[S10] 2%

1 002 =

0001 &

1 cos
1 009
1 COy

00Z

40(0?8404

22121\

0

Imo/€=.010

- 0022
1 0002

1 0081

1 009
0071 4s
oozl
1 o001

1 008

1 009

1 ooy

1 00z

Ima/Q;=.010

0082
1 oove

{ 000z

1 0091 %=
0oz

1 008

1 ooy

002z
1 000z

i oogt

1 0091
00% 1

1 o0zL %=
1 o001 &
i 008

1 oo9

1 oov
002

_otaii L=x) el



